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ABSTRACT: We present a theory for thermodynamic and equation-of-state properties of polymer solutions
over the entire concentration range, and for homopolymer melts, based on analytic polymer reference
interaction site model (PRISM) methods. A single polymer is modeled as either an effectively Gaussian
thread, or as a Gaussian string which approximately accounts for the effects of a nonzero chain thickness.
Both good (athermal) and Θ solvent conditions are considered within a molecular closure approximation
scheme. Good agreement is found with experimentally measured second and third virial coefficients,
and with the osmotic pressure and screening length, in dilute and semidilute athermal solutions.
Experimentally observed deviations from the power law dependence on chain length (N) of the athermal
second and third virial coefficients is interpreted in terms of finite segmental hard core interchain packing
effects at low molecular weights; these finite size effects are predicted to vanish in the limit N f ∞. For
long chains in the semidilute regime the theory predicts the irrelevance of the finite size of the segments,
in accord with scaling and field theoretic approaches. The breakdown of power law scaling behavior for
the screening length and osmotic pressure is identified with the emergence of the concentrated solution
regime at roughly 25-30% volume fraction of polymer. For concentrated solutions and melts, calculations
of the equation of state based on the string model show good agreement with simulations of athermal
chains for appropriately chosen model parameters. Comparison with experimental PVT data for
polyethylene melts at elevated temperatures and pressures shows that the analytic theory provides an
accurate description of the temperature and pressure dependences of the isothermal compressibility and
the coefficient of thermal expansion.

I. Introduction

The theory of polymer solutions is of abiding interest
owing to sources of complexity and phenomena which
have no counterparts in mixtures of simple (atomic)
fluids. Despite a long history of research in this area,1-4

unanswered questions and challenges remain. It is the
aim of this work to take the first step toward developing
a unified analytic theoretical treatment of polymer
solutions based on liquid-state integral equation meth-
ods, which is applicable to solutions spanning the entire
experimental range of concentrations.
It is customary to classify polymer solutions into three

concentration regimes: dilute, semidilute, and concen-
trated.1,2 The dilute regime corresponds to concentra-
tions low enough that, to a good approximation, one may
treat individual chains as independent, non-interacting
coils, which under good solvent conditions behave
almost as hard spheres with a size given by the radius
of gyration Rg. Solution thermodynamics in this regime
can be described by the virial coefficients, which may
be evaluated from cluster expansion methods.3 Fujita5
has recently summarized a number of outstanding
unresolved issues in dilute polymer solutions. For
example, questions remain regarding an experimentally
observed upturn in the N dependence of the second
virial coefficient B2 at low molecular weights for solu-
tions of polystyrene (PS) in toluene. The intermediate
semidilute concentration regime represents a situation
unique to polymer solutions, in which individual coils
overlap and interpenetrate even though the concentra-
tion of polymer on a volume fraction basis can be quite
minute.1-4 The structure and thermodynamics of solu-
tions in this regime have been explored using scaling2
and field theoretical ideas,6,7 and renormalization group
methods,8 which successfully describe the experimen-

tally observed power law concentration dependence of
the osmotic pressure1 and the density screening length9
or mesh size. However, these methods cannot generally
predict at which (higher) concentration they cease to be
applicable, that is, the onset of the concentrated or
meltlike regime. The concentrated regime is character-
ized by a density screening length which is comparable
to or smaller than nonuniversal length scales such as
the chain persistence length or monomer dimension, and
by an osmotic pressure that rises increasingly rapidly
in a non-power-law fashion as a function of polymer
volume fraction.10 In this regime, statistical thermo-
dynamic mean field approaches such as the generalized
Flory dimer (GFD) model10-12 provide a good description
of the steeply increasing pressure; however, such models
give an inaccurate description of the N-dependence of
the virial coefficients relevant to the dilute regime, and
fail to capture the power-law scaling behavior in sem-
idilute solutions due to strong monomer correlation
effects. No theoretical framework that correctly cap-
tures the characteristic thermodynamic features in all
three concentration regimes, predicts the boundaries
between them, and describes the smooth crossover
effects has been developed on the basis of traditional
methods of polymer physics.
In the present work, we propose a theory for polymer

solutions over the entire range of concentrations, using
methods of liquid-state theory developed initially for
fluids of small molecules13 and later extended to treat
macromolecular systems.14 For simplicity, the present
model treats the solution as an effective one-component
system, in which the concentration is varied by altering
the density of the polymeric component; the solvent
degrees of freedom are not treated explicitly. In addi-
tion, this initial study does not determine the single-
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chain structure self-consistently; rather, where neces-
sary, an effective concentration-dependent statistical
segment length is employed with a Gaussian chain
description in the spirit of field theoretical approaches.6,7
In contrast to the latter approaches based on crossable
thread chains, the local hard core excluded volume
constraint is accounted for in an approximate manner.
We find that this minimalistic analytically tractable
model, which does not include the effects of local chain
stiffness or monomer shape, provides a satisfactory
description of many aspects of the solution thermody-
namics in all three concentration regimes. The theory
also provides the foundation within the polymer refer-
ence interaction site model (PRISM) framework for
analytically treating the influence of a constant pressure
constraint, and attendant “equation-of-state” effects, on
polymer blend phase behavior, including the lower
critical solution temperature (LCST) phenomenon.15
Our primary focus is on good solvent (athermal) condi-
tions, though a few calculations under thermal and Θ
point conditions are also presented. The latter aspect
provides the foundation for treating thermally induced
phase transitions, such as the homopolymer liquid-
vapor transition, as discussed elsewhere.16
The remainder of this article is organized as follows.

In section II, we define the model and provide a brief
summary of our theoretical methods. In section III, the
theory for athermal/purely repulsive systems is devel-
oped. Section IV treats thermal effects on the virial
coefficients and calculation of the Θ temperature and
attractive contributions to the equation of state. In
section V, we present the predictions of our theory and
comparisons to experimental data in the dilute, semi-
dilute, and melt-like regimes. All the results discussed
in the body of this article make use of the compress-
ibility route to the thermodynamics; a discussion of
predictions from the free energy route is given in the
Appendix.

II. PRISM Theory
Within the polymer reference interaction site model

(PRISM), the site-averaged Ornstein-Zernike equation
for a one-component homopolymer fluid takes the form14

where ĥ(k) and Ĉ(k) represent the Fourier-transformed
site-site intermolecular total and direct correlation
functions, respectively, g(r) ≡ 1 + h(r) is the correspond-
ing intermolecular radial distribution function, Fm is the
site number density, and ω̂(k) is the single-chain
structure factor normalized such that ω̂(k)0) ) N,
where N is the number of interaction sites per polymer
chain. For chains with finite hard core diameter d, eq
1 is supplemented by the exact hard core constraint:

Most work to date for finite diameter hard core chains
has employed the accurate site-site Percus-Yevick
approximation for treating the reference athermal
system:13,14

where C(0)(r) represents the reference-state (athermal)
site-site direct correlation function. Alterations in the
polymer concentration in solution are modeled by vary-

ing the site number density Fm. We follow the standard
method used in liquid-state theory of separating the
intersite pair potential into “reference” (hard core)/
athermal and “perturbative”/attractive (v(r)) branches.17
Given our treatment in terms of an effective one-
component system, the potential between segments
would be expected to contain three- and higher-body
terms arising from the integration over solvent degrees
of freedom, even if the underlying microscopic interac-
tions are rigorously pairwise additive.3 In the present
work we ignore this complication and assume that the
intersite potentials in the effective one-component sys-
tem are pairwise additive. The treatment of attractive
interactions within a molecular closure framework is
discussed in section IV.
In principle, the single-chain structure and intermo-

lecular correlations must be determined self-consis-
tently. A variety of methodologies within the PRISM
framework have been developed recently to accomplish
this,18-22 although their implementation is somewhat
complex. Our present initial study avoids the full self-
consistent treatment and adopts a simpler analytic
approximation for ω̂(k), appropriate for effectively Gauss-
ian chains in a continuum-like limit:1

where σ is an effective statistical segment length which
may be density/concentration-dependent to account for
changes in chain dimensions under good solvent condi-
tions. Adoption of this model allows analytic results to
be derived on the basis of PRISM theory, and connec-
tions to blob scaling and field theoretical approaches to
be most clearly elucidated.
The compressibility route to the thermodynamics is

adopted. The isothermal compressibility κT follows from
the zero-wavevector value of the direct correlation
function, C(0), or the static structure factor, S(k)0) ≡
S0, as14

The compressibility route (osmotic) pressure is then
obtained by a density charging or integration process:

The motivation for employing the compressibility route
includes its technical ease of implementation, the
emphasis on k ) 0 correlations which seems most
appropriate for a theory based on a coarse-grained
Gaussian chain model, and the theoretical difficulties
inherent to the free energy charging route (see Appendix
and refs 16 and 23).

III. Analytic Results for Athermal Solutions
Athermal solutions, defined by v(r) ≡ 0, represent the

limiting good solvent condition where polymer segments
interact solely via pairwise hard core potentials.
A. Thread Model. Many prior analytic PRISM

studies have made use of the d f 0 Gaussian thread
idealization,14 for which the purely athermal direct
correlation function in eq 1 within the PY closure is
approximated by a δ-function at the origin in position
space with an amplitude parameter C0:

ĥ(k) ) ω̂(k) Ĉ(k)[ω̂(k) + Fmĥ(k)] ≡ ω̂(k) Ĉ(k) Ŝ(k) (1)

g(r) ) 0, r < d (2)

C(0)(r) ) 0, r > d (3)

ω̂(k) ) 1
1/N + k2σ2/12

(4)

FmkBTκT ) S0 ) N
1 - FmNC(0)

(5)

âP ) ∫0FmdF1 S0
-1(F1) (6)
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The hard core constraint in eq 2 is replaced by the
requirement that g(0)(r) for the reference athermal
thread system vanishes as r f 0. For the ω(k) in eq 4,
the reference thread pair correlation function is given
by14

where the correlation hole length scale êc is related to
the coil radius of gyration Rg by

and the density screening length êF satisfies

The reference-state direct correlation strength param-
eter, C0, is given by

The reciprocal of the density-dependent collective struc-
ture factor at k ) 0 is thus

From eqs 6 and 12, the pressure for the athermal thread
fluid is

From eq 13, the second and third virial coefficients B2
and B3 for the athermal thread model are given by

The virial series terminates with B3 for the athermal
thread model. Note that the second virial coefficient
B2 in eq 14 is proportional to the volume of a single coil;
this corresponds to the classic idea2,3 that in dilute
solution the chains behave as non-interacting hard
spheres of radius Rg. In a dilute good solvent, chains
are swollen compared to their ideal dimensions; that is,
Rg ∼ NνF where νF equals 0.5 under ideal conditions but
is greater for a good solvent. Renormalization group
calculations yield the estimate1 νF ) 0.588..., and
experiments24-26 on polystyrene (PS) in toluene find νF
≈ 0.59-0.6; for the qualitative discussion of this section,
we shall use the Flory mean field value1-3 of νF ) 0.6.
In analogy with field theoretical approaches,1,4,6,7 the
departure of νF from 0.5 can be accommodated in our
simple Gaussian model by requiring the segment length
σ to obey

The N-dependences of B2 and B3 in a good solvent are

then predicted to be

The above predictions are consistent with the observed
experimental behavior24-26 of PS in toluene at high
molecular weights. Equation 14 shows that, for the
athermal thread model, the ratio B3/NB2

2 equals 1/3,
independent of the Flory exponent νF. This prediction
compares favorably with the results of MC simulations
on a variety of lattices, which find that B3/NB2

2 ≈ 0.3
in the long-chain limit,27 and with the conclusion of a
renormalization group theoretical estimate28 that this
ratio approaches an asymptotic value of 0.277.
For a solution of chains with coil radius Rg, we

identify the density Fm* for the crossover between dilute
and semidilute solution regimes from the standard coil
overlap condition:1-3

which leads to the relation that Fm* ∼ N(1-3νF). For the
case of a semidilute solution of polymer in a good
solvent, scaling theory and experiments suggest that the
radius of gyration, which is proportional to êc, depends
on the density of polymer in the system. The prediction
of scaling theory,1,2 or self-consistent PRISM theory for
athermal thread polymer solutions,20 that

is incorporated in our model by requiring the effective
segment length to obey

in the semidilute regime. Use of eq 19 in the expression
for êF in eq 10 in the limit that N f ∞ yields the
semidilute regime PRISM prediction:

which is again consistent with scaling theory1,2 and
experiment.9 If we use the mean-field value νF ) 0.6,
eqs 13 and 19 predict in the semidilute regime

in agreement with scaling theory1,2 and experimental
osmotic pressure measurements.29 It is noteworthy that
within field theoretical approaches the results of eqs 20
and 21 follow only if repulsive three-body interactions
are included, in contrast to PRISM theory, where only
two-body bare potentials are employed but a renormal-
ized effective potential, C0, enters in order to enforce
the interchain hard core impenetrability constraint.
In the hypothetical limit that F f ∞, eq 13 predicts

that the repulsive contribution to the pressure increases
as P ∼ z3, a much slower rate of increase than found in
computer simulations or equation-of-state theories of
athermal chains at meltlike packing fractions.10-12 This
shortcoming is a consequence of the neglect of the finite
range (d * 0) of interchain excluded volume interactions
at the thread polymer level of treatment. For under-
standing the properties of concentrated solutions (where

C(r) ) C0δ(r) (7)

g(0)(r) ) 1 + 3
πFmσ2r

[e-r/êF - e-r/êc] (8)

êc
2 ) Nσ2

12
) Rg

2/2 (9)

σ
êF

) σ
êc

+
πFmσ3

3
(10)

12C0Fm ) σ2[êc
-2 - êF

-2] (11)

S0
-1(Fm) ) 1

12[πFmσ3

3
+ σ

êc]
2

(12)

âσ3P ) z
N

+ πz2

36 (σ
êc) + π2z3

324
, z ≡ Fmσ3 (13)

B2(N) ) πσ3

3x12N
∝
Rg

3

N2
, B3 ) π2σ6

324
(14)

σ ∼ N(νF-1/2) ∼ N0.1 (15)

B2 ∼ N(3νF-2) ∼ N-0.2, B3 ∼ N(6νF-3) ∼ N0.6 (16)

Fm* ) N
4
3

πRg
3

(17)

Rg
2 ∼ Fm

-(1-2νF)/(1-3νF) (18)

σ ∼ Fm
-(1-2νF)/2(1-3νF) (19)

êF ∼ Fm
νF/(1-3νF) (20)

âP(Fm) ∼ Fm
9/4 (21)
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d g êF), it is important to account for the fact that g(r)
) 0 for 0 < r < d, as opposed to the condition used in
eq 8. This consideration motivates study of the so-called
Gaussian string model.14
B. String Model. In the analytically tractable

“string model”,30 the reference-state direct correlation
function is again approximated as a spatial δ-function,
but the hard core exclusion constraint is enforced over
a region of diameter d around each monomer in the
following average way:

The theoretical basis for eq 22 as an optimized pertur-
bative treatment of finite hard core models in terms of
an effectively threadlike reference fluid has been previ-
ously established.14,30 The athermal pair correlation
function for the string model is identical in form to eq
8 for the thread model, but the density correlation
length êF satisfies the following transcendental equation:
14,30,31

where Γ can be loosely interpreted as a chain aspect
ratio. In the limit that the hard core diameter vanishes
(d f 0), one can show that eq 23 leads to the expression
given in eq 10 for the thread model. Further simplifica-
tion of eq 23 follows in the limit that êc/d f ∞, which
can be achieved by taking N f ∞ at fixed d:

Equation 25 can be shown to have a unique solution
for êF/d as a function of density for 0 < z ≡ Fmσ3 < 9Γ/
2π; for values of z exceeding 9Γ/2π, there are no real
and positive solutions to the above equation. Imposition
of the excluded volume constraint, albeit in an average
way, leads to the existence of an upper limit to the
monomer density Fm, above which physical solutions to
the PRISM equation do not exist. Such a singularity is
presumably a consequence of the oversimplified string
model approximation that Ĉ(k) ≡ Ĉ(0) ≡ C0. However,
within the string model, it could be interpreted as
corresponding to the total site packing fraction associ-
ated with an incompressible close-packed fluid state.
Introducing a new rescaled density variable ψ, defined
as

the dependence of êF on model parameters can be
written as

where f(ψ) is a function of ψ alone, defined implicitly
by comparison with eq 25. As ψ approaches the upper
limit at which solutions to eq 25 cease to exist, it is

found that êF becomes vanishingly small:

The above behavior has important consequences on the
compressibility route pressure calculated for the refer-
ence state:

Equation 28 implies that P* diverges logarithmically in
the vicinity of ψmax:

Logarithmic divergence of the athermal pressure is
found also in the Sanchez-Lacombe lattice treatment
of the homopolymer fluid;32,33 in that case, the pressure
divergence occurs when the lattice occupancy (η) ap-
proaches unity. Power-law divergence of the athermal
pressure at a continuous space packing fraction of η )
1 is predicted by the approximate PY theory of the hard
sphere fluid,17 and occurs also in the exact solution of
the one-dimensional fluid of hard rods.34 Inspection of
eqs 26 and 28 reveals that, as the segment length σ
increases keeping d fixed, the site density at which the
athermal pressure diverges decreases (Fmax ∼ 1/σ2d). If
one interprets the process of increasing the aspect ratio
Γ at fixed d as analogous to enhancing the local chain
stiffness, the concomitant decrease in Fmmax is consistent
with the general physical picture that stiffer chains
“pack better”, resulting in a larger number of interchain
contacts, a reduced compressibility, and hence an
enhanced athermal pressure, relative to those of more
flexible chains.14
We note that the dependence of êF and P* on ψ and Γ

implied in eqs 28 and 30 holds only in the limit in which
ΓêF f 0. In the semidilute regime, eq 25 yields

consistent with the prediction of the thread model in
this limit. Remarkably, for long chains at such rela-
tively low semidilute polymer concentrations, the de-
pendence of êF on Γ, and thereby on the segment
diameter d, drops out completely. Thus, the microscopic
PRISM theory predicts the “irrelevance” of local chemi-
cal length scales such as d and Γ for the polymer
concentration dependence of the screening length, os-
motic pressure, and other semidilute solution properties
in accord with phenomenological scaling ideas.2
For finite chain lengths N, one can obtain from eq 23

expressions for the athermal solution virial coefficients
as expansions in powers of (d/Rg); the first-order
corrections to the second and third virial coefficients are
given by

where

∫0d dr g0(r)r2 ) 0 (22)

êc
d(êc
d

+ 1)e-d/êc - (êF

d)(êF

d
+ 1)e-d/êF + (êF

2

d2
-

êc
2

d2) )

-
πFmσ3

9Γ
(23)

Γ ) σ/d (24)

x2(1 - e-1/x) - xe-1/x ) 1
2

-
πFmσ3

9Γ
, x ) êF/d (25)

ψ ) z/Γ ) Fmσ3/Γ (26)

(êF/σ) )
f(ψ)

Γ
(27)

(êF/σ) ∼ 1
x2Γ

x1 - ψ/ψmax, ψmax ≡ 9
2π

(28)

P* ≡ d3âPrep(ψ) ) 1
12 ∫0ψdψ1

1
f2(ψ1)

) F(ψ) (29)

d3âPrep(ψ) ∼ ln ( 1
ψmax - ψ) (30)

(êF/σ) ≈ 3
πFmσ3

; Fm f 0, N f ∞, Fm/Fm* . 1 (31)

B2(N) ) πσ3

36êc[1 + 3
4R

+ ...],
B3(N) ) π2σ6

324[1 + 9
4R

+ ...] (32)
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The leading-order contributions to both B2 and B3 in eq
32 are precisely given by the PRISM results for the
thread model. As expected, the corrections due to the
finite segment diameter d become more important as
N decreases. For both B2 and B3, the correction corre-
sponds to an increase in the virial coefficients; that is,
the repulsive pressure is enhanced relative to the thread
model prediction. Additionally, the string model differs
from the thread in that the pressure virial series no
longer terminates with B3 but contains nonzero contri-
butions from all orders in Fm.
We have so far focused on calculating the osmotic

pressure within the compressibility route. A discussion
of the athermal pressure for the string model calculated
using the free energy charging route is included in the
Appendix. It is there shown that, as expected for any
liquid-state theory, the two routes to the thermodynam-
ics are quantitatively inconsistent with each other and
yield different expressions for B3. However, the Fm
scaling laws for âP and êF in the semidilute regime are
identical for the two routes. But, we also find that B3
obtained using the charging route does not in general
lose its dependence on Γ or reduce to the thread result
on taking the limit d f 0, except in the very special
case that Γ4 ) 13.5. Thus the free energy charging route
predictions would seem to violate a basic tenet of
universality and scaling. We note that the compress-
ibility route calculation relies on the accuracy of the
calculated zero-wavevector structure factor S0, whereas
the free energy route requires a precise calculation of
g(0)(r) locally. The latter may be expected to be more
inaccurately described by coarse-grained Gaussian thread
or string models and our approximate treatment of the
local hard core constraint.
Additional deficiencies of the charging route predic-

tions follow from examination of the contact value of
g(r), that is, gc ) g(r)d). In the athermal string fluid
it may be found from eq 8 to be

As the quantity êF/d is a function only of ψ in the long
chain limit, it follows that gc is also a function of ψ alone
and is otherwise independent of Γ. Clearly, gc is
bounded above by 1/3, and since the pressure calculated
in the virial route is related to the contact value of g(r),
the free energy route pressure calculated in the Ap-
pendix does not diverge as ψ f ψmax. At low densities,
and in the limit N f ∞, a virial expansion can be
developed for êF/d in powers of ψ from eq 25:

Use of eq 35 in eq 34 for gc yields the following
expressions at low densities:

The pressure calculated from the compressibility
route is found to be in much better agreement with the
results of simulations than that obtained from the free
energy charging route. The basis for this conclusion is
presented in the main part of Figure 1, where the

athermal/reference system reduced pressure (P/FmkBT)
as a function of packing fraction η for the string model
is compared to the MD simulation data10 obtained by
Gao and Weiner for off-lattice, hard core tangent bead
chains. It should be noted that mapping our model
variables onto the variables relevant to the simulation
is a two-step process. We need to establish a cor-
respondence between our model density and the packing
fraction in the simulation, and also must identify a
specific value for the aspect ratio Γ. For the former
question, the maximum density ψmax in the string model
is identified with the real system packing fraction of η
≈ 1/x2, roughly the appropriate value for close-packed
hard spheres; thus, for our model, the repulsive pressure
diverges logarithmically as η f 1/x2. The value of the
aspect ratio Γ was then chosen to provide the best fit to
the simulation data. We find that choosing Γ ∼ 10
provides a reasonable fit to the data; in the figure
shown, we have used Γ ) 10.3. Using smaller values
for Γ in this calculation leads to a pressure lower in
magnitude than, and also less rapidly increasing in
comparison to the simulation data. A value of Γ ≈ 10
is difficult to justify a priori. However, we feel the
agreement shown in Figure 1 is nevertheless rather
impressive for a model which accounts so crudely for
the excluded volume interaction and local chain struc-
ture and packing. Our assumption of a Gaussian form
for the intrachain structure factor ω̂(k), and the conse-
quent neglect of local stiffness effects, is likely to be most
questionable at high, melt-like densities. Shown also
in Figure 1 is the prediction of the generalized Flory
dimer (GFD) model11,12 (dot-dash line), which ignores
chain connectivity effects; with the fitting procedure
described above, the string PRISM and GFD models
describe the simulation data with comparable accuracy.
The short- and long-dashed lines in Figure 1 show the
much poorer predictions of the string model based on
the free energy charging route and of the athermal
thread model, respectively.

R ) êc/d ) Rg/x2d (33)

gc ) 1 + 3
πψ

[e-d/êF - 1] (34)

d
êF

) πψ
3

+ π2ψ2

24
+ O(ψ3) (35)

gc ≈ πψ/24, êFgc/d f
1
8

as ψ f 0 (36)

Figure 1. Reduced athermal pressure P/FmkBT plotted as a
function of packing fraction η ≡ πFmd3/6; the circles and solid
line show the MD data10 from simulations by Gao and Weiner
for chains with N ) 200 and from the string model prediction
from the compressibility route, respectively. The short-dashed,
long-dashed, and dot-dashed lines correspond to predictions
of the athermal string model from the free energy charging
route, the athermal thread model, and the athermal GFD
equation of state,11,12 respectively. The string model calcula-
tions shown in this figure use the aspect ratio Γ) 10.3.

Macromolecules, Vol. 31, No. 7, 1998 Semidilute and Concentrated Polymer Solutions 2357



In Figure 2, the solid line shows the dimensionless
pressure P*d3/kBT for the athermal string fluid in the
limit N f ∞, calculated from eq 29 as a function of the
reduced density ψ/ψmax (eqs 26, 28, and 29). The dot-
dash line shows the prediction of the athermal thread
model, P* ) π2ψ3/324, and the dashed line shows the
pressure calculated from the charging route as described
in the Appendix; for this calculation we have used Γ4 )
13.5, to enforce consistency with the compressibility
route and the thread model results in the limit ψ/ψmax
f 0. The inset shows the logarithmic density derivative
of the compressibility route pressure, which defines the
apparent density-dependent exponent on the basis of a
forced power-law fit of the form P* ≈ ψx. Note that, for
low and moderate (“semidilute”) densities, there exists
a regime in which P* ∼ (ψ/ψmax)3. However, at higher
densities, a stable ψ-independent effective exponent
cannot be identified. The compressibility route pressure
grows significantly faster than the thread prediction for
ψ/ψmax > 0.15-0.2, culminating in a logarithmic diver-
gence as ψ f ψmax. At ψ/ψmax ) 1/x2, corresponding
to a melt-like packing fraction η ) 1/2, we find that P*
∼ (ψ/ψmax)4.5, that is, x ≈ 4.5, for the athermal string
model from the compressibility route. Since typical melt
densities are expected to be η ≈ 1/2, we estimate that
the semidilute-concentrated crossover density, Fm**,
corresponds to roughly 25-30% polymer volume fraction
solutions, consistent with the limited experimental
information for when the semidilute scaling laws break
down.9 Given the estimate that Fm** corresponds to
about 25-30% polymer volume fraction, and identifica-
tion of the melt-like regime with ψ/ψmax ≈ 1/x2, solu-
tion of eq 25 shows that êF ≈ 3 ( 0.3d at Fm** within
the athermal string model, a reasonable value when
compared with experimental measurements.9

IV. Thermal Effects and Θ Solutions

We now examine the influence of including an attrac-
tive intersite interaction. For phase-separating polymer

blends, and also for block copolymer systems, the effects
of attractive tail potentials on the liquid structure and
thermodynamics have been successfully treated within
PRISM theory using novel “molecular closures” formu-
lated and discussed extensively in earlier work.35-39 Our
present analytic treatment employs the Reference Mo-
lecular Percus-Yevick/high-temperature approximation
(RMPY/HTA) closure, which, for finite diameter chains,
is defined by eq 1 together with35,36

where the asterisks denote r-space convolutions. Equa-
tions 1 and 37 are supplemented by the exact hard core
condition (eq (2)). Mathematically, the RMPY/HTA
represents a perturbative approximation in âv at the
level of the effective potential or the direct correlation
function. Physically, this closure approximation incor-
porates the influence of local packing in the reference
fluid on the effect of the bare tail potential in a manner
akin to the calculation of the fluid enthalpy or cohesive
energy.
For the d f 0 thread model, the convolutions in eq

37 may be canceled,35,36 leading to the following expres-
sion for the Fourier transform of the site-site direct
correlation function within the RMPY/HTA closure:

We choose the attractive potential to be of truncated
Yukawa form:

The choice of a single Yukawa form to represent the
attractive interaction is purely for analytic convenience.
One may extend the present analysis to a potential
representable by a sum over several Yukawa terms with
different strength and range parameters, which could
be chosen to mimic the presence of multiple wells or
barriers. One could also choose the strength parameter
in eq 40 to be positive, that is, to represent a repulsion
of the screened-Coulombic form appropriate for poly-
electrolyte solutions;22 in this case, our system will
exhibit neither a positive Θ temperature (see below) nor
a liquid-gas transition. Within the context of the
present effective one-component model for polymer
solutions, v(r) in eq 40 actually corresponds to an
effective potential between polymer segments obtained
after integrating out the solvent degrees of freedom. In
general, such an effective potential would include
thermal and packing-driven solvent-induced effects,
which (phenomenologically) could make the strength
and range parameters ε and a in eq 40 dependent on
temperature and polymer concentration. A priori cal-
culation of the solvent-induced aspects of v(r) is not
possible within the framework of a one-component
model. For the purposes of the present work, which
focuses mostly on athermal conditions, we disregard
such complications and assume the potential param-
eters ε and a as defined by eq 40 to be intrinsic, that is,
independent of the thermodynamic state of the system.
As documented elsewhere for the thread model,16 the

RMPY/HTA molecular closure within the compress-

Figure 2. Logarithm of the reduced athermal pressure (P*
≡ Pd3/kBT) plotted as a function of log(ψ/ψmax). The solid and
dashed curves show the predictions of the athermal string
model from the compressibility and free energy charging
routes, respectively. The dot-dashed line represents the ather-
mal thread model. The free energy charging route calculation
displayed uses an aspect ratio Γ satisfying Γ4 ) 13.5. The inset
shows the density-dependent effective exponent x defined as
the derivative of log P* with respect to log(ψ), as a function of
log(ψ/ψmax), for the athermal string model from the compress-
ibility route.

ω*C*ω(r) ) ω*C(0)*ω(r) + ω*∆C*ω(r), r > d

∆C(r) ) - âv(r) g(0)(r), r > d (37)

Ĉ(k) ) C0 - â∫dr v(r) g0(r)eik‚r (38)

v(r) ) 0, r < d (39)

v(r) ) - |ε|(ar)e-r/a, r > d (40)
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ibility route provides a successful description of the
liquid-vapor critical properties. In addition, the RMPY/
HTA closure has been successfully employed to address
numerous issues in polymer melts40 (e.g., solubility
parameters), blends,37 and diblock copolymer thermo-
dynamics and thermal phase behavior.38,39 Most nota-
bly, for semidilute blend and diblock copolymer solu-
tions, the thread PRISM with the RMPY/HTA closure
has been shown to predict an effective ø parameter in
good and Θ solvents which is consistent with renormal-
ization group and blob scaling analyses.41,42 It has also
provided a microscopic explanation of the failure of the
mean field “dilution approximation” for ø in concen-
trated copolymer solutions and melts.42 Thus, we
employ the RMPY/HTA closure exclusively in all the
thermal work in this paper. The crucial physical aspect
is the dependence of the attractive force direct correla-
tion function (second term in eq 37) on reference system
mesh size, that is, for large N:

For the thread model (d f 0), the compressibility
route using the RMPY/HTA closure (eq 37) yields for
the osmotic pressure

where

The presence of a thermal contribution that grows as
∼ ln(Fmσ3) at large densities implies that the virial series
no longer terminates with B3; however, the cubic
increase of P with density for Fm . Fm* is not affected.
Expansion of the logarithm in eq 42 leads to expressions
for the second and third virial coefficients modified by
the attractive interactions:

Attractions reduce both virial coefficients relative to
their athermal, purely repulsive values. We note that
thermal corrections to the athermal values of the virial
coefficients are always linear in 1/T*; this mathematical
structure is a direct result of our use of the RMPY/HTA
closure. The N-dependent Θ temperature, Tθ*(N),
defined as the value of T* at which the second virial
coefficient vanishes, is given by

In the limit that N f ∞, the Θ temperature increases
toward an N-independent limiting value, which we
denote as Θ, given by

For the d * 0 string model, use of the RMPY/HTA
closure within the compressibility route leads to the
following expression for the pressure:

Note that in eq 47 we have allowed the segment length
σ to be a function of polymer density or concentration.
This feature is necessary for predicting the osmotic
pressure in the semidilute good solvent regime.
The remainder of this section focuses on calculating

the virial coefficients. From eq 23, a virial expansion
for êF/d, valid at small densities ψ and large values of
êc/d, can be derived:

Substitution of eq 50 in eq 47 leads to the following
expansions for the virial coefficients in powers of d/Rg:

For large N, the limiting Θ temperature is given by

T*θ(N) ) 144(aσ)
4(1 + a/2êc)

(1 + a/êc)
2

(45)

Θ ) 144(aσ)
4

(46)

âP(Fm) ) 1
12 ∫0FmdF1( σ(F1)

êF(F1))
2

- 2πa3A(1 + 1/ν)Fm
2 -

12Aa2∫0FmdF1( 1
σ2(F1)

)[ e-d/êF(F1)

(1 + a/êF(F1))
- e-d/êc(F1)

(1 + a/êc(F1))]
(47)

A ) e-1/ν

T*
(48)

ν ) a/d (49)
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êF

) 1
R
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24
+ 29π3ψ3

4320
+ ...,
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2A
Γ2 (ν
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80R
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18 [( 118 + 1
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Fmσ3
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Here, Γθ is the aspect ratio Γ ) σ/d at the Θ tempera-
ture. An expression for the second virial coefficent B2
which contains terms to all orders in 1/R, where R ≡
Rg/x2d, is obtained by evaluating the second density
derivative of the pressure in eq 47. The result is

where the derivatives with respect to density are
evaluated at z ) 0. A similar calculation yields an
unwieldy expression for B3 including terms of all orders
in d/Rg which we shall use later but refrain from
displaying explicitly.

V. Comparison with Experiments
In this section, we apply the theoretical results of

sections III and IV to experimental measurements in
dilute and semidilute good solutions and for concen-
trated solutions/melts.
A. Dilute Solution Virial Coefficients. From eq

51, one finds that, under athermal conditions, B2 as
calculated in the string model is larger than that
predicted in the thread limit, but that the difference
becomes progressively smaller asN is increased. Recall
that, for the thread model with anN-independent Flory
exponent νF, B2 is predicted to exhibit a simple power
law scaling, B2 ∼ N(3νF-2) (eq 16). Thus, a double-
logarithmic plot of the athermal B2 predicted by the
string PRISM model versus N is a decreasing function
which is concave upward; in contrast, the d f 0 thread
model yields a straight line. This behavior is qualita-
tively consistent with measurements of B2 for polysty-
rene (PS) in toluene5. Similar considerations hold for
the third virial coefficient B3; here again, within the
assumption that νF is independent of N, the thread
model predicts a simple power-law type behavior (eq 16),
while the hard core constraint as implemented in the
string model increases B3, the effect being larger for
shorter chains. Thus, for good solvents, eq 52 predicts
that a double-logarithmic plot of B3 versusN should also
be concave upward, except that B3 is a monotonically
increasing function of N as opposed to B2. The trends
predicted above for B2 and B3 are now quantitatively
compared with experimental measurements.
One of the more widely studied polymer plus good

solvent systems is polystyrene (PS) in toluene. At the
temperatures normally accessible to experiments (T ≈
300-400 K), this system is effectively athermal43 (Θ <<
300 K). Figure 3 compares the theoretical second virial
coefficient B2 with experimentally measured values
(circles) for the PS plus toluene system24-26,43-46 at
temperatures between 283 and 308 K. The solid lines

are the prediction of the string model (eqs 55 and 56);
the upper line is for an athermal system, and the lower
one is at T* ) 2Θ. In calculating B2 for the string
model, we have equated the number of monomers in the
string model chain to the degree of polymerization in
PS. The experimentally determined chain expansion
factor for PS in toluene at high molecular weights26
leads to the following equation for the ratio σ(N)/σθ:

Comparison of the large N values for the athermal B2
calculated from eqs 55 and 56 with experimental data25
allows us to determine σθ ) 7.058 Å, which corresponds
to C∞ ≈ 10.5, in remarkably good agreement with the
literature value47 of C∞ ) 10 for PS in its Θ solvent
cyclohexane. We use this value for σθ and eq 57 for the
chain expansion factor in all the theoretically calculated
curves in Figure 3. An aspect ratio of unity (Γθ ) 1) is
employed, consistent with an a priori estimate which
identifies πd3/6 with the volume per monomer in PS
melts.40 The curves in Figure 3 thus represent a one-
parameter fit to the experimental data. The athermal
string model correctly predicts the observed concave-
upward shape of the data to within experimental error.
The physical origin of this feature is our inclusion of
the d * 0 interchain excluded volume interaction; it is
absent from the simpler thread model and scaling type
arguments. The dashed lines in Figure 3 show the
corresponding pure power-law predictions of the thread
model (eq 44). As expected, lowering the temperature
results in a reduction in B2.
The inset in Figure 3 compares the athermal third

virial coefficient B3 calculated from the string and

B2 ) -(σ3

12)(σ
êc)3 ∂(êF/σ)

∂z
-

πσ3

9 ( Θ
T*)Γθ

4

Γ3

(1 + ν)

(8ν2 + 5ν + 1)
-

σ3

3 ( Θ
T*)Γθ

4

Γ2
e-d/êc

(1 + νd
êc )

2
(8ν2 + 5ν + 1)[(1 + ν)σd

êc
2

+

νσd2

êc
3 ]∂(êF/σ)

∂z
(55)

∂(êF/σ)
∂z

)
(πêc/σ)

9Γ[(2êc
2/d2 + 2êc/d +1)e-d/êc - 2êc

2/d2]
(56)

Figure 3. Logarithm of the second virial coefficient (log(B2))
in units of 10-4 cm3 mol/g2 plotted versus log(Mw) for PS in
toluene. The circles show experimental data;24-26,43-46 the solid
and broken lines correspond to the predictions of the string
and thread models, respectively. For each pair of lines, the
upper member represents an athermal calculation, and the
lower one corresponds to the temperature T* ) 2Θ. The
theoretical calculations employ an aspect ratio Γθ ) 1, σθ )
7.058 Å, and an effective Flory exponent of νF ) 0.595. The
range of the potential a for the thermal calculations is a )
d/2. The inset shows log(B3) in units of cm6 mol/g2 as a function
of log(Mw) for PS in toluene; the circles show experimental
data,24,25 and the solid and broken lines correspond to the
athermal string and thread model predictions, respectively.
The parameters used for the curves in the inset are the same
as those in the main panel; details of the fitting procedure are
described in the text.

σ(N)
σθ

) 0.67 N0.095 (57)
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thread models to experimental data for the PS plus
toluene system.24,25 The thread model prediction (eq 44)
is represented by the broken line. Use of eq 57 to
describe the N-dependence of Rg for all values of N
implies that B3 in the thread limit obeys a power law
with no finite-size corrections. For the string model, the
analogue of eqs 55 and 56 obtained for B2 is utilized,
and the present calculation includes terms to all orders
in d/Rg. For the N dependence of the chain expansion
factor and the numerical value of σθ, we employ the
same values used in our previous comparison of B2. The
theoretical curves in the inset to Figure 3 thus represent
a zero-fit-parameter prediction. As discussed in section
III, the thread and string model predictions agree in
the large-N regime, but, asN is decreased, B3 calculated
using the string model is greater than that predicted
in the thread limit, leading to the concave-upward
shape. The numerical agreement with the experimental
measurements is satisfactory, especially for the set of
measurements at the longest chain lengths.
Our comparisons to measurements of B2 and B3 in

Figure 3 have employed the experimentally determined
asymptotic expression for the N dependence of Rg over
the entire range of molecular weights considered. Ex-
perimentally, it is found that the effective Flory expo-
nent νF is slightly weaker26 than its asymptotic value
of 0.595 for M < 105. At ultralow molecular weights
(103 < M < 104), there appears some ambiguity in the
experimental findings; one group reports26 an increase
in νF, interpreted as due to chain stiffness effects, and
other workers48 find that νF remains at near its ideal
value (0.5) down toM ) 5000. In our theory, a decrease
in the effective Flory exponent would also lead to an
upturn and upward-concave shape for both B2 and B3;
we see from eqs 51 and 52 that, if νF ) 0.5, then in the
athermal limit we would expect B2 ∼ N-1/2 and B3 ∼
N0. The observed upturn in theN dependence of B2 has
been attributed to chain stiffness26,49 or chain end44
effects at low molecular weights. In our work, we have
not been concerned with the details of the chain stiff-
ness, intrachain excluded volume effects at low M, or
chain end effects; instead, we demonstrate that an
upturn in B2 may be caused solely by the d * 0
interchain excluded volume interaction, even assuming
that the chains obey simple self-avoiding-walk-like sta-
tistics at all molecular weights. It is necessary to
reemphasize that the results shown in Figure 3 have
assumed Gaussian chain statistics for all molecular
weights, an assumption which is not really accurate for
N e 102; the close numerical agreement between the
experimentally measured and theoretically calculated
virial coefficients for low-molecular-weight samples
could thus be partly fortuitous.
As pointed out by the reviewer, experimental mea-

surements of the molecular weight dependences of B2
and B3 for PS dissolved in benzene exhibit similar
upturns and deviations from power-law behavior at low
molecular weights.50 The deviations in this case set in
at larger molecular weights than those for PS in toluene;
deviations from power-law dependence are apparent for
Mw e 106 for B2 and forMw e 105 for B3 for PS dissolved
in benzene. A comparison with the athermal string
model predictions has been carried out, making use of
the experimentally determined Mw dependence of Rg.
The procedure employed was identical to that adopted
for PS dissolved in toluene, as discussed in connection
with Figure 3, and involved no adjustable fitting pa-

rameters. Experimental determinations of the coil
radius of gyration for PS in benzene50 are consistent
with the behavior Rg ∼ Mw

0.605 over the range 2 × 105
< Mw < 2 × 107. We refrain from presenting detailed
results for this case but note that the level of quantita-
tive agreement between theoretical and measured val-
ues of B2 and B3 is poorer than that for the case of PS
in toluene. In particular, experiments find a more
significant departure from power-law dependence at
higher molecular weights than predicted by the theory,
suggesting that factors other than finite chain thickness
may also be involved in this phenomenon.
The foregoing comparisons have been made for the

good solvent case. The situation is more complex for Θ
solvents, where the Flory exponent νF ) 0.5. From eq
45, the thread model predicts that as N increases, Tθ*
approaches its limiting value Θ from below. At T* )
Θ, the second virial coefficient in the thread model is

indicating that B2(T* ) Θ,N) is positive definite for all
values of N, and vanishes like B2 ∼ 1/N in the large-N
limit. That similar conclusions hold for the string model
can be verified from eqs 51 and 54.
Experiments on PS in two different Θ solvents,

cyclohexane (CH) (Θ ) 307.65 K) and trans-decalin (Θ
) 294.15 K), yield somewhat different results. For PS
in CH,44,49 it is found that B2 is indeed positive at Θ for
all N and becomes negligibly small for Mw > 5 × 104;
however, for PS in trans-decalin at T ) Θ, it is found
that51 B2 is a nonmonotonic function of N. For large N,
in trans-decalin, B2 first decreases from zero to a
negative value asMw is reduced and then shows a sharp
positive upturn51 asMw decreases below about 5 × 103.
The observed monotonic increase in B2 with decreasing
N for PS in CH at Θ has been attributed to chain end
effects which become important at low molecular
weights.44,52 This observation is qualitatively consistent
with the prediction of eq 58 above; however, PRISM
theory as employed here does not include explicit chain
end effects. We see from eqs 45, 51, and 54 that the
nonmonotonicity of B2(Θ) as a function of N observed
for PS in trans-decalin is not captured by either the
thread or string models; this nonmonotonicity is thought
to arise from residual ternary cluster integral contribu-
tions at the Θ point.51 For the third virial coefficient,
we find that the thread model at T* ) Θ predicts

a positive definite expression vanishing in the large-N
limit as B3 ∼ 1/xN. This prediction that B3 vanishes
at Θ in the long chain limit is contrary to experiments
on PS in both CH53 and trans-decalin,51 which find that,
at Θ, B3 approaches a finite positive value independent
of M. Examination of eqs 52 and 54 shows that the
string model suffers from the same drawback. The
presence of a contribution to B3 at Θ which does not
vanish in the long chain limit has been attributed to

B2(Θ,N) )
πσθ
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)[ 3

2
+ ( aσθ

)(σ
êc)
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contributions from the ternary cluster integral51-53

(three-body interactions).
We conclude that our present models based on bare

two-body interactions and nonperturbative liquid-state
theory provide a satisfactory overall picture of the virial
coefficients in the case of athermal or good solvents.
However, important problems remain in the vicinity of
T ) Θ, perhaps related to our neglect of explicit three-
body interactions. Our microscopic treatment should
be contrasted with field-theoretical approaches,1-4,6,7

which use as a starting point phenomenologically de-
fined two- and three-body virial coefficients in which the
repulsive and attractive interaction strength and range
are inextricably lumped together.
B. Semidilute Regime: Osmotic Pressure and

Screening Length. For treating the polymer concen-
tration dependence of the osmotic pressure under good
solvent conditions, we choose the intermolecular poten-
tial parameters a and d to be intrinsic, that is, inde-
pendent of temperature, concentration, and N. How-
ever, the ratio of segment lengths σ/σθ implicit in eq 47
will in general be a function of both concentration and
solvent quality. For a given method of choosing the
semidilute crossover density Fm*, the onset of the
concentrated regime at Fm**, and the dilute solution
scaling exponent νF, we construct the following piece-
wise continuous, minimalist model for the polymer
concentration dependence of the ratio of effective seg-
ment lengths:

Equation 60 corresponds to assuming that, in the melt/
concentrated regime, the chain dimensions are unper-
turbed. The concentration dependence of σ adopted in
eq 60 corresponds to the blob scaling theory prediction2
for the semidilute regime and the experiments of Cotton
et al.54 Since we employ a model in which σ is
concentration-dependent, the monomer densities are
expressed in terms of σθ

-3. In these units, the maxi-
mum possible monomer density, corresponding to the
divergence in the athermal pressure in the string model,
is given by

The density corresponding to the crossover into the
semidilute regime is estimated from the usual coil
overlap condition introduced in eq 17, where Rg in eq
17 is to be evaluated in the dilute regime. Use of eqs
17 and 60 leads to the following expression for Fm*:

Equations 60 and 62 are consistent with the standard
relations Fm* ∼ N(1-3νF) and Rg ∼ NνF in dilute solution.

We identify the crossover to the concentrated regime,
Fm**, as the density at which the pressure for the
athermal string fluid starts deviating significantly from
a z3 power-law scaling increase based on extrapolation
of the semidilute behavior. This criterion, applied to
the results shown in Figures 1 and 2, leads to the
estimate that

In our comparison in section III to simulations for the
athermal pressure, we identified the maximum permis-
sible monomer density, Fmax, with a packing fraction η
) 1/x2. If we now associate the dense melt with the
liquid-like packing fraction17 of η ) 1/2, we are led to
the following estimate for the melt monomer density in
terms of Fmax:

From eqs 63 and 64, the crossover to the concentrated
regime is predicted to occur at a concentration corre-
sponding to ≈25% polymer by volume.
Given the model for the concentration dependence of

σ presented in eq 60, the general expression for the
compressibility route pressure in eq 42, and the PRISM
result in eq 10 for êF in the thread model, the density
dependence of the pressure in the athermal thread limit
is predicted to be

In the above equation, êc is in units of σ, i.e., êc ≡ (N/
12)1/2. In the concentrated or melt-like regime (Fm >
F**m), the pressure grows like P ∼ Fm3 (the semidilute
Θ solvent scaling law), and this is the domain in which
the distinction between string and thread models is
most apparent. For the string model, the integration
in eq 47 cannot be performed analytically, as êF must
be determined by numerical solution of a transcendental
equation (eq 23).
Figure 4 shows model calculations for the reduced

osmotic pressure or “compressibility factor”, P/kBTFm,
as a function of Fm/Fmelt for various chain lengthsN, with
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d ) σθ and νF ) 0.6. In the dilute regime, P obeys the
trivial ideal solution/Van’t Hoff law. In the semidilute
regime, the slope of P increases monotonically with Fm,
and for the longer chains the P∼ Fm9/4 law is approached
inside the semidilute regime. In the concentrated
regime (Fm > F**m), the curves for various Nmerge and
P becomes effectively independent of chain length. Note
that the thread and string model predictions for a given
value of N are virtually identical for Fm < F**m.
The above features are also seen in Figure 5, in which,

for the same model, we examine NP/kBTFm as a func-
tion of Fm/Fm*. In the main part of Figure 5, the curves
for variousNmerge in the dilute and semidilute regimes
but become distinct as Fm > Fm**, since the ratio Fm**/
Fm* is an N-dependent quantity. The inset in Figure 5
shows a double-logarithmic plot of the density screening

length êF, in units of σθ, as a function of Fm/Fmelt, for
the thread and string models. In the semidilute regime
êF is well-described by êF ∼ Fm-0.75; for Fm > Fm**, êF
diminishes much more rapidly in the string model,
corresponding to the more rapid increase in the pres-
sure.
Experimental data for different good solvents and

chain lengths for PS lead to the following empirical
equation9 for the concentration dependence of êF in the
semidilute regime:

where the polymer concentration C is in grams per
milliliter and êF is in nanometers. The above relation
applies for solutions up to about 30% polymer by
concentration. Extrapolation of eq 66 to the melt
density (1.06 gm cm-3) leads to the estimate that êF ≈
2.6 ( 1 Å in PS neat melts. For a solution at 25%
polymer concentration, which corresponds approxi-
mately to the estimate for Fm** in our present model,
eq 66 suggests that, for PS, êF ≈ 7.1 ( 2.7 Å. For the
athermal string model, solution of eq 25 shows that, at
“melt-like” densities (ψ/ψmax ) 1/x2), the screening
length is êF ≈ d/2; at Fm ) Fm**, that is, when ψ**/
ψmax) 0.18, we find from eq 25 that êF ≈ 3d. For PS in
toluene, if we choose a statistical segment length σθ )
7.058 Å and an aspect ratio Γθ ) 1 as in section V.A,
we find that the string model predicts êF ≈ 20 Å at Fm**
and êF ≈ 3.5 Å at the “melt-like” density. The near
agreement with the value of êF obtained by extrapolation
of the experimental data to melt-like densities is prob-
ably fortuitous, as the semidilute scaling law should not
be expected to be applicable up to melt-like density. This
is reflected in the fact that êF calculated this way from
the string model is greater by a factor of 2 or so than
that measured experimentally at 25% polymer concen-
tration (Fm**).
Figure 6 compares the concentration dependence of

NP/FmkBT predicted by the string PRISM theory to the
experimental measurements29 of Noda et al. on the
system poly(R-methylstyrene) plus toluene. For this
comparison, we use the experimentally determined
value of the Flory exponent for this system,29 νF ) 0.585,
in eqs 47 and 60, and d ) σθ. As in our calculation of
the second virial coefficient B2, each R-methylstyrene
monomer is taken to correspond to a single string model
site. A value of N ) 65 400 is employed, roughly equal
to the degree of polymerization of the largest chains
investigated by Noda et al. Also shown (broken line) is
the result obtained from a renormalization-group cal-
culation by Ohta and Oono;8 in their calculation, as in
ours, there exists a degree of ambiguity in the precise
assignment of Fm*, which is treated by those authors
as a fitting parameter. We find that our calculation,
while not in as good quantitative agreement with the
experimental data as the far more complicated RG
calculation, does capture the upturn in the slope at Fm
≈ Fm*, and the Fm dependence of P is qualitatively
correct. However, the dilute-semidilute crossover pre-
dicted by the string PRISM theory is more rounded and
milder; hence, the absolute magnitude of P is somewhat
lower than that observed. The circles include experi-
mental measurements for a range of chain lengths;29
the collapse onto a single curve for Fm < Fm** for various
N is correctly described at the level of thread and string
models, as seen in Figures 4 and 5.

Figure 4. Log-log plot of the reduced osmotic pressure as a
function of reduced polymer density; the solid and broken lines
correspond to the athermal string and thread models, respec-
tively. For each set of curves, from bottom to top, N ) 108,
106, and 104; the parameters used are d ) σθ and νF ) 0.6.
The inset shows a magnified portion of the main figure for
high polymer densities, including the crossover from the
semidilute to concentrated regimes.

Figure 5. Reduced osmotic pressure on a per molecule basis
as a function of scaled polymer density Fm/Fm*; the solid and
broken lines correspond to the athermal string and thread
models, respectively. From left to right, the curves correspond
to N ) 104, 106, and 108; parameters used are the same as in
Figure 4. The inset shows the athermal density screening
length log(êF/σθ) as a function of log(Fm/Fmelt) for N ) 108 and d
) σθ; the solid and broken lines represent the string and thread
model predictions, respectively.

êF ) (0.27 ( 0.1)C-0.72(0.01 (66)
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C. Concentrated Solutions and Melts. Prior
numerical PRISM studies of the equation-of-state of
chemically realistic models of specific polymer melts
have been published.55,56 Here we discuss results
obtained using the simplified analytic string model for
equation-of-state properties in the melt-like regime. In
section III it was shown that choosing Γ ) 10.3 for the
aspect ratio (Γ ) σ/d) led to nearly quantitative agree-
ment with simulations on athermal chains10 for the
density dependence of the repulsive pressure. There-
fore, the same model is used in this section to calculate
both the attractive and repulsive contributions to the
pressure from eq 47. In the compressibility route to the
pressure, the inverse structure factor must be integrated
over the entire range of densities from zero to the
desired density. The adoption of specific models for the
concentration dependence of the segment length for use
in eq 47 will thus lead to different predictions for the
pressure, which differ by a numerical constant in the
regime Fm > Fm**; the density dependence of the
calculated pressure in this concentrated regime is
unaffected, as by hypothesis σ becomes independent of
concentration for Fm > Fm**. The pressure as a function
of density in the melt regime must, of course, be
independent of factors such as solvent quality and chain
conformation at lower concentration in an exact statisti-
cal mechanical theory.
Since in the present section we are concerned only

with dense melts, for simplicity we assume the chains
to be unperturbed, that is, that σ is independent of Fm
for all values of Fm in performing the integrals in eq 47,
which then gives in the long chain limit

where the reduced density variable ψ was defined in
eq 26. The density dependence of the attractive pres-
sure becomes progressively weaker with increasing Fm
and is nowhere stronger than Patt ∼ Fm3; as Fm ap-
proaches Fmax, this dependence approaches Patt ∼ Fm2,
as in van der Waals theory. We first discuss some
qualitative features of eq 67, all of which appear
physically reasonable, prior to a more detailed compari-
son with experimental data for polyethylene (PE) melts.
There are four independent model parameters in eq

67: the reduced temperature T*, the hard core site
diameter d, the range a of the attractive interaction,
and the segment length σ. At a fixed value for the
dimensionless overall compressibility factor σ3âPtot and
constant values of all the other model parameters, an
increase in the temperature T* results in a reduction

in Patt at a given density; thus, to maintain the balance
between Prep and Patt, the density Fm drops as the
temperature is raised and the isothermal compress-
ibility κT increases. Also, as the density decreases, one
moves to a region where Prep is a weaker function of Fm
than at the lower temperature; thus, the thermal
expansion coefficient becomes larger as the temperature
is raised at constant pressure. Reducing the interaction
range a at constant pressure and T*, keeping d and σ
fixed, reduces the strength of the attractive pressure
and has similar effects as increasing the temperature.
A reduction in a at constant total pressure, keeping all
other parameters unchanged, leads to a reduction in the
density and increases in the isothermal compressibility
and thermal expansion coefficient.
The effects of altering the segment length σ keeping

all other parameters fixed (or, equivalently, changing
the aspect ratio Γ at fixed a, d, and T*) are more
complex. Equation 67 shows that an increase in Γ at
fixed a, d, and T* leads to a reduction in the contribution
from Patt at a given density; the density must readjust
so as to increase the relative contribution from the
attractive pressure to maintain the total pressure
constant. This implies that a reduction in ψ, and
therefore in Fm, is caused by increasing σ if all other
parameters are kept fixed. This decrease in Fm is
accompanied by an increase in the isothermal compress-
ibility κT ; however, numerical solution of eq 67 shows
that the coefficient of thermal expansion exhibits a
complex nonmonotonic dependence on σ. It should be
emphasized that the qualitative trends mentioned in
this and the foregoing paragraph refer to the long chain
limit; numerical solution of the analogues of eq 67 for
finite N shows that, at fixed total pressure, T*, a, d, and
σ, the density is a monotonically increasing function of
N which saturates at N ≈ 100. This prediction is
consistent with experiments on homologous members
of the alkane series.57
We now compare the predictions of eq 67 to measure-

ments of the temperature and pressure dependence of
the density for high-molecular-weight linear polyethyl-
ene (HMLPE) due to Olabisi and Simha.58 We equate
σ to the statistical segment length of PE; the tabulated47
T ) 400 K value of C∞ ≈ 7 for PE leads to σ ) 4.074 Å.

Figure 6. Reduced osmotic pressure on a per molecule basis
plotted versus Fm/Fm*; the circles show experimental data29
for poly(R-methylstyrene) in toluene at various chain lengths
N. The solid line shows the prediction of the athermal string
model, with N ) 65 400, d ) σθ, and νF ) 0.585. The broken
line is the prediction of a renormalization group calculation.

σ3âPtot(Fm) ) Prep(Fm) -
Patt(Fm)
T*

(67)

Prep(Fm) ) σ3

12 ∫0FmdF1( σ
êF(F1))

2 ≡ Γ3f1(ψ) (68)

Patt(Fm) ) 2(νΓ)
2
e-1/νσ3∫0FmdF1[2π(νΓ)F1σ3(1 + 1

ν) -

6 + 6e-d/êF(F1)

(1 + νd
êF(F1))]

≡ 2ν2e-1/ν

Γ
f2(ψ,ν) (69)
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On the basis of this a priori experimental value for σ,
there remain three free parameters, a, d, and |ε|. We
adopt the procedure of fitting the experimentally mea-
sured values of the isothermal compressibility and
thermal expansion coefficient at 473 K and 1 bar; this
process yields d ) 1.293 Å. The remaining two param-
eters, a and |ε|, may be picked in a number of ways that
yield approximately equally good fits to the data;
decreasing |ε| has antagonistic effects to increasing a,
as noted above, and so long as this pair of variables is
chosen to fit the isothermal compressibility for d ) 1.293
Å, it is found that the thermal expansion coefficient is
relatively insensitive to the specific values of a and |ε|.
Thus, the calculations shown in Figure 7 should be
regarded as a two-parameter fit to the experimental
data; given d ) 1.293 Å and a given (arbitrary) value of
a, we then choose |ε| to fit the isothermal compressibility
and coefficient of thermal expansion. For concreteness,
in the calculations shown in Figure 7, we have picked
a ) 3.43 Å and |ε|/kB ) 60 K. The latter value is in the
accepted range for a methylene group.40 Different
choices for a and |ε|, as mentioned above, correspond to
adjusting these parameters to keep the density at
approximately the same value at the given pressure.
In the upper part of Figure 7, we show the pressure

(in bars) as a function of the density (normalized by its
value at atmospheric pressure), for T ) 430 and 473 K.
The circles show the data of Olabisi and Simha,58 and
the solid lines represent the prediction of eq 67 with
the parameters mentioned above. In the lower part of
Figure 7, we show the temperature dependence of the
density normalized by its value at the lowest temper-
ature point, at constant pressure, for P ) 1 and 300 atm;
the symbols have the same meanings as in the upper
panel of Figure 7. We observe an increase of the
compressibility with temperature and its gradual de-
crease with increasing pressure and density signaled
by the upward concavity of the calculated and experi-
mental curves. The theory correctly captures the de-

crease in the thermal expansion coefficient at elevated
pressures, owing to the shift toward higher densities.
In Figure 7, we have presented the results in terms

of reduced or normalized densities to highlight the
temperature and pressure dependence of this quantity.
Conversion of the values obtained for Fm using eq 67
into units of gram per cubic centimeter for PE based on
the idea that single-string monomers represent indi-
vidual methylene units leads to F ≈ 1.2 g cm-3 at 430
K, about 50% higher than the experimental value.58
However, in terms of the packing fraction, if we again
associate η ) 1/x2 with the maximum density allowed
in our model, the above value for F corresponds to a
packing fraction of about 0.55, a reasonable value for a
dense melt.17

In closing this section, we comment on the relation-
ship of the present theory to other equations-of-state
(EOS) developed for treating one-component polymeric
fluids at high (melt) densities. Widely-used equations-
of-state for polymeric fluids include those due to Flory
et al.,59 Sanchez and Lacombe,32,33 and various versions
of cell and hole models.60,61 Recently, a new EOS has
been developed on the basis of empirical arguments and
a Pade analysis of the pressure dependence of the bulk
modulus.62 All of these aforementioned theories satisfy
(in the long chain limit) a corresponding states principle
empirically known to be valid for polymeric fluids;63 that
is, in all these theories, the EOS can be written in a
dimensionless form completely specified by values for
the material-specific parameters P′, T′, and V′ for
rendering the pressure, temperature, and molar volume
dimensionless. These substance-specific parameters are
typically determined from a process of curve-fitting,
rather than from a priori microscopic arguments.
Eqs 67-69 show that the compressibility route EOS

for the string model with RMPY/HTA closure does not
satisfy a corresponding-states principle. The reason for
this is the fact that the attractive pressure in eq 69
includes thermal contributions to all virial coefficients
and not only to B2 as implied by the van der Waals idea.
This point is made most clear if we proceed to the Kac
limit64 by taking a f ∞ and |ε| f 0, keeping |ε|a3 )
constant; in this limit, the mean field treatment of the
attractive interactions is expected to become rigorously
accurate.64 Use of the Kac limit, that is, of infinitely
weak yet long-ranged attractive interactions, within the
RMPY/HTA closure leads to an attractive pressure that
is purely quadratic in the density and given by

and is of generalized van der Waals form. The repulsive
pressure is still given by eq 68. Use of eqs 70 and 67
shows that, for the string model in the Kac limit, the
compressibility route EOS satisfies a corresponding
states principle with P′ ) Γ2ε′/σ3, T′ ) ε′/ΓkB, Fm′ ) 9Γ/
2πσ3, and ε′ ) |ε|(ν/Γ)3(1 + 1/ν)e-1/ν. This van der Waals-
type EOS can also be obtained by requiring that g(0)(r)
) 1 for all values of r within the RMPY/HTA closure
(eq 37); this replacement corresponds to use of the
reference molecular mean spherical approximation (RM-
MSA).35,36 Deviations from the corresponding states
principle in the present theory are thus linked to
departures from completely random mixing (g(0)(r) ) 1
for all r) at the level of the RMPY/HTA closure ap-
proximation (eq 37).

Figure 7. (upper panel) Pressure (in bar) as a function of the
normalized monomer density (Fm(P)/Fm(P)1 bar)) at fixed
temperature; the circles are experimental data58 for HMLPE,
and the solid lines are the string model predictions, at two
temperatures. (lower panel) Temperature dependence of the
normalized reciprocal density at two values of fixed pressure;
the circles and lines are experimental data58 for HMLPE and
the string model predictions, respectively. The reference
temperatures used to normalize the density are T0 ) 409.85
K and T0 ) 420.35 K at 1 bar and 300 bar, respectively. All
theoretical curves use the parameters Γ ) 3.15, ν ) 2.65, |ε|kB
) 60 K, and σ ) 4.074 Å.

Patt
Kac ) 2π(νΓ)

3(1 + 1
ν)e-1/ν Γ2ψ2 (70)
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VI. Concluding Remarks

We have presented an analytic, liquid-state integral
equation theory of polymer solutions, thermodynamic
predictions of which have been worked out over the
entire range of macromolecule concentration. Compari-
son with experiments shows that the present theory
provides a satisfactory description of solution thermo-
dynamics in the dilute and semidilute regimes under
good solvent conditions. Comparison with simulations
shows that, under athermal conditions, the theory is
capable of describing the purely repulsive pressure at
higher densities as well; however, the choice of param-
eters needed to achieve good agreement in this regime
is difficult to motivate on an a priori microscopic basis.
A similar situation is found for the thermal calculations
at melt densities discussed in section V.C. It is likely
that these quantitative discrepancies at high densities
are caused in part by the neglect of chain stiffness and
the approximate treatment of the hard core exclusion
constraint, which are most suspect at melt-like packing
fractions.
Treatment of the Θ point case is a delicate problem,

as it requires accurate estimates for both the attractive
and repulsive contributions to B2. As shown in Mc-
Millan-Mayer theory,65 B2 contains information about
the thermal pair correlation function g(r) from all length
scales at infinite dilution of the polymer, and thus the
Θ condition would likely depend strongly on local
packing considerations. Even for polymers at infinite
dilution, the overall packing fraction of the solution as
a whole remains liquid-like. Thus, local chain stiffness
and the solvent molecule geometry and size may be
important. These considerations may explain why the
experimentally observed behavior of T*θ(N) is signifi-
cantly dependent on the particular choice of Θ sol-
vent.49,51 The relevance of three-body interactions under
near Θ conditions is another complication which is very
difficult to incorporate within an integral equation
approach.
In future work, we plan to extend the present frame-

work to treat phase separation in polymer solutions and
the liquid-vapor critical properties of one-component
polymer fluids.16 Incorporation of effects due to local
chain stiffness and the hard core constraint will be
investigated via numerical PRISM studies. We also
plan to include the effects of solvent quality and polymer
concentration on the single-chain structure in a self-
consistent manner,18-22 which may be particularly
important in the context of demixing phase transitions
in polymer solutions.
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Appendix: Free Energy Charging Route to the
Athermal Pressure

Our starting point is the well-known equation for
the excess pressure for a hard core fluid, obtained
by differentiation of the corresponding excess free
energy:13,17

The integration corresponds to charging the hard-core
diameter from zero to a finite value, and g(λ)(λd)
represents the contact value of g(r) given a hard core
diameter equal to λd, where d represents the value of
the hard core diameter in the final, fully charged state
of interest. For the athermal string model, one has from
eq 8

where ΓêF(λ) is given in the N f ∞ limit by the solution
to

We see from eqs A.2 and A.3 that the contact value for
g(r) in the string model is a function only of the variable
λψ, which allows one to simplify eq A.1 using partial
integration to obtain

Within the athermal string model the contact value for
g(r) is always well-behaved. Thus, the pressure calcu-
lated from eq A.4 is also finite for all values of the
reduced density ψ. Direct comparison with the simula-
tion results of Gao and Weiner10 (see Figure 1) shows
that the pressure from eq A.4 increases too slowly with
the density; in fact, at the highest densities, P(Fm)
calculated from eq A.4 increases no faster than Fm5. At
meltlike densities, corresponding to ψ ≈ ψmax/x2, the
charging route pressure grows approximately as P ∼
Fm3.5. This is to be contrasted with the compressibility
route calculation, for which P ∼ Fm4.5 at comparable
densities. We note also that the functional dependence
of the pressure on model variables is different than that
obtained from the compressibility route:

where F(ψ) is a function of the reduced density ψ alone.
At low densities, the charging route pressure computed
from eq A.4 is given by

which does not become independent of the aspect ratio
Γ even in the limit Fm f 0. In both routes, the pressure
behaves as P ∼ Fm3 at low (semidilute) densities, but
the prefactors disagree for all values of Γ except Γ )
(13.5)1/4.
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